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Abstract
We introduce the family of ε starlike mappings, in purpose to treat the family of convex
mappings and the family of starlike mappings as one family, and to describe one family
how to transit to another one. In this paper, we consider the criterion for the family of ε
starlike mappings.
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1. Introduction
The family of convex mappings and the family of starlike mappings on the
domains in complex plane, space of several complex variables Cn, and complex
Banach space are two important families in complex analysis. The family of
convex mappings is a subfamily of the family of starlike mappings, but the
properties of these two families are essentially different, and hence the methods
to study these two families are different also. In this paper, we will introduce the
family of ε starlike mappings, and will study the criterion for this family. This
paper is one of a series of papers to study this family. Usually, the results which
we obtain for this family cover the known results about the family of convex
✩ Project supported by the National Natural Science Foundation of China.
* Corresponding author.
E-mail addresses: gongs@ustc.edu.cn (S. Gong), lts@ustc.edu.cn (T. Liu).
0022-247X/02/$ – see front matter  2002 Elsevier Science (USA). All rights reserved.
PII: S0022-247X(02)0 03 37 -2
S. Gong, T. Liu / J. Math. Anal. Appl. 274 (2002) 696–704 697
mappings and the family of starlike mappings, and can describe one family how
to transit to another one.
In Section 2, we will give the criterion for the family of ε starlike mappings
on the unit ball in the complex Banach space. This result implies the results of
Suffridge [1,2], but the method of the proof of this result is different from his
method.
In Section 3, we will give the criterion for the family of ε starlike mappings on
bounded convex circular domains in Cn. This result includes the results of Chen
[3], Lin and Hong [4], and Liu [5] as special cases.
Definition. Let X, Y be two complex Banach spaces, and let Ω ⊂X be a domain.
Suppose that f :Ω → Y be a locally biholomorphic mapping and 0 ∈ f (Ω).
Then f is said to be ε starlike, for an ε, 0  ε  1, provided f (Ω) is starlike
with respect to every point in εf (Ω). All the ε starlike mappings on Ω form the
family of ε starlike mappings on Ω .
When ε = 0, it is exactly the family of starlike mappings on Ω , and when
ε = 1, it is the family of convex mappings on Ω .
Similarly, we may define the ε starlike mapping on a domain in Cn.
Example 1. Let D(0,1) = {ζ ∈ C: |ζ | < 1}, 0 < ε1 < ε2  1. From Riemann
mapping theorem, there exists a biholomorphic function f (ζ ) on D(0,1), f (0)=
0, such that f (D(0,1))= {ζ ∈C: | Imζ |< 1 and Re ζ < 1}∪{ζ ∈C: | Imζ |< ε1
and Re ζ < 1
ε1
}, so ε1f (D(0,1)) = {ζ ∈ C: | Imζ | < ε1 and Re ζ < ε1} ∪ {ζ ∈
C: | Imζ |< ε21 and Re ζ < 1}. It is clear that f (ζ ) is an ε1 starlike mapping on
D(0,1) but is not an ε2 starlike mapping on D(0,1).
Example 2. Let Ωn,p = {(z1, z2, . . . , zn) ∈ Cn: |z1|2 + |z2|p + · · · + |zn|p < 1},
p  1, 0 < ε1 < ε2  1, f (z1) is a normalized ε1 starlike mapping on D(0,1)
but is not an ε2 starlike mapping on D(0,1) (Example 1). Then, Φn,1/p(f )(z)=
(f (z1), (f
′(z1))1/pz2, . . . , (f ′(z1))1/pzn) is a normalized ε1 starlike mapping on
Ωn,p but is not an ε2 starlike mapping on Ωn,p (cf. Gong and Liu [7]).
2. Criterion for ε starlikeness of mappings on the unit ball in complex
Banach space
Let X be a complex Banach space, and let B be the open unit ball in X. When
x = 0, we define
T (x)= {Tx ∈X∗: Tx(x)= ‖x‖ and ‖Tx‖ = 1} (1)
where X∗ is the dual space of X. T (x) is not empty by functional analysis.
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In 1973, Suffridge gave the criteria for starlikeness and convexity of mappings
on the unit ball B in complex Banach space (cf. Suffridge [1,2]).
Theorem A. Let X, Y be two complex Banach spaces, and let B ⊂X be the open
unit ball. If f :B → Y is a locally biholomorphic mapping on B with f (0)= 0,
then
(1) f is starlike if and only if
Re
{
Tx
[(
Df (x)
)−1
f (x)
]}
 0 (2)
holds for every x ∈ B;
(2) f is convex if and only if
Re
{
Tx
[(
Df (x)
)−1(
f (x)− f (y))]} 0 (3)
holds for any x ∈ B and y ∈ B whenever ‖y‖ ‖x‖< 1, where Tx ∈ T (x),
Df (x) is the Frechét derivative of f at x .
In this section, we generalize Theorem A as follows.
Theorem 1. Let X,Y be two complex Banach spaces, and let B ⊂X be the open
unit ball. If f :B → Y is a locally biholomorphic mapping on B with f (0)= 0,
then f is ε starlike, 0 ε  1, if and only if
Re
{
Tx
[(
Df (x)
)−1(
f (x)− εf (y))]} 0 (4)
holds for every x ∈ B and y ∈ B wherever ‖y‖  ‖x‖ < 1, where Tx ∈ T (x),
Df (x) is the Frechét derivative of f at x .
In purpose to prove Theorem 1, we need the following two lemmas.
Lemma 1. There exists a bounded linear functional Tx in T (x) such that Tζx =
(ζ¯ /|ζ |)Tx , where ζ is any non-zero complex number and x ∈X, x = 0.
Proof. Let x ∈X, x = 0 and y ∈X, y = 0. We say x and y are equivalent if there
exists a non-zero complex number ζ , such that x = ζy , we may classify all points
in X \ {0} by this equivalence relation, and use [x] to denote the equivalence class
whose representative element is x .
For x , there exists Tx in T (x), then we let Ty = (ζ¯ /|ζ |)Tx if y = ζx , where ζ ∈
C, ζ = 0. Obviously, ‖Ty‖ = ‖Tx‖ = 1 and Ty(y) = (ζ¯ /|ζ |)Tx(ζx)= |ζ |‖x‖ =
‖y‖. Hence Ty ∈ T (x). Thus for every y ∈ [x], Ty is well defined. We may define
it for every point in every equivalence class. Hence it is well defined for every
element z ∈X \ {0} and satisfies the condition in the lemma. ✷
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Lemma 2. Let B be the open unit ball in a complex Banach space X. If
h :B ×B →B is a holomorphic mapping with h(0,0)= 0, then∥∥h(x, y)∥∥max(‖x‖,‖y‖) (5)
holds for every x ∈ B and y ∈B .
Proof. Consider the holomorphic mapping H = (h,h) :B × B → B × B , then
H(0,0)= (0,0). The spaceX×X is a complex Banach space if we let ‖(x, y)‖=
max(‖x‖,‖y‖) as its norm, where x ∈ X and y ∈ X, then B × B = {(x, y) ∈
X×X: ‖(x, y)‖< 1}. By Schwarz’ lemma (cf. Harris [8]), we have∥∥H(x,y)∥∥ ∥∥(x, y)∥∥.
It implies (5). ✷
Proof of Theorem 1. Necessity. If f (x) is a ε starlike mappings on B , then for
any t ∈ [0,1], h(x, y)= f−1[(1− t)f (x)+ tεf (y)] is a holomorphic mapping of
B ×B to B , and h(0,0)= 0, where x ∈B and y ∈ B . By Lemma 2, we have∥∥h(x, y)∥∥max(‖x‖,‖y‖). (6)
The expansion of h(x, y) at t = 0 is
h(x, y)= x − t(Df (x))−1(f (x)− εf (y))+O(t2).
Operate Tx on both side of the previous equality, then take real part on both side,
the right hand side becomes
Re
{
Tx
[
x − t(Df (x))−1(f (x)− εf (y))+O(t2)]}
= ‖x‖− t Re{Tx[(Df (x))−1(f (x)− εf (y))]}+O(t2), (7)
and the left hand side becomes Re{Tx[h(x, y)]}. By (6), we have
Re
{
Tx
[
h(x, y)
]}

∣∣Tx[h(x, y)]∣∣ ∥∥h(x, y)∥∥max(‖x‖,‖y‖)= ‖x‖ (8)
holds for every x ∈ B and y ∈B whenever ‖y‖ ‖x‖< 1.
From (7) and (8), we have
Re
{
Tx
[(
Df (x)
)−1(
f (x)− εf (y))]}+O(t) 0
holds for every x ∈ B and y ∈B whenever ‖y‖ ‖x‖< 1.
We obtain (4) when we let t → 0 in the previous inequality.
Sufficiency. Firstly, we prove that (4) implies the following inequality
Re
{
Tx
[(
Df (x)
)−1(
f (x)− εf (y))]}> 0 (9)
when x ∈B , y ∈ B and ‖y‖< ‖x‖< 1.
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Let D(0,1/‖x‖)= {ζ ∈ C: |ζ |< 1/‖x‖}, where x ∈ B , x = 0. By Lemma 1,
there exists a bounded linear functional Tx in T (x) such that Tζx = (ζ¯ /|ζ |)Tx ,
where ζ ∈C, ζ = 0 and x ∈X, x = 0. Using this Tx , we define a function of ζ ,
g(ζ )= Tx [(Df (ζx))
−1(f (ζx)− εf (ζy))]
ζ
(10)
on D(0,1/‖x‖), then g(ζ ) is a holomorphic function of ζ on D(0,1/‖x‖). By
the property of Tx , we have
g(ζ )= Tζx [(Df (ζx))
−1(f (ζx)− εf (ζy))]
|ζ | ,
and hence Reg(ζ ) 0 when ζ ∈D(0,1/‖x‖) by (4).
If (9) does not hold, then Reg(1)= 0. By the extremum principle of harmonic
function, Reg(ζ ) ≡ 0 in the domain D(0,1/‖x‖) since g(ζ ) is a holomorphic
function on D(0,1/‖x‖). Hence Reg(0)= 0. But
Reg(0)= Re{Tx[x − εy]}= Re{‖x‖ − εTx(y)} ‖x‖− ε‖y‖> 0
by (10). We obtain contradiction. Thus (9) holds true.
Secondly, we prove that f (rB) is starlike with respect to every point in
εf (rB), where r ∈ (0,1).
If it is not true, then there exist points p ∈ rB and y ∈ rB , such that a part of
the line segment {tf (p)+ (1− t)εf (y) ∈ Y : 0 t  1} is laid in Y \f (rB). Thus
there exists a point x ∈ ∂(rB), and a number δ ∈ (0,1), such that the open line
segment{
tf (x)+ (1− t)εf (y) ∈ Y : δ < t < 1}⊂ f (B) \ f (rB).
Let
x(t)= f−1[tf (x)+ (1− t)εf (y)], δ < t < 1, (11)
then x(t) /∈ rB and y ∈ rB . Hence∥∥x(t)∥∥> r > ‖y‖. (12)
That means, ‖x(t)‖ is not an increasing function in δ < t < 1.
From (11), we have
f
(
x(t)
)= tf (x)+ (1− t)εf (y),
thus
Df
(
x(t)
)dx(t)
dt
= f (x)− εf (y) (13)
and
f
(
x(t)
)− εf (y)= t(f (x)− εf (y)). (14)
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By (13) and (14), we have
dx(t)
dt
= 1
t
(
Df
(
x(t)
))−1(
f
(
x(t)
)− εf (y)).
It implies
lim inf
t→0
t>0
‖x(t +t)‖ − ‖x(t)‖
t
 lim inf
t→0
t>0
Re{Tx(t)(x(t +t)− x(t))}
t
= 1
t
Re
{
Tx(t)
[(
Df
(
x(t)
))−1(
f
(
x(t)
)− εf (y))]}. (15)
By (9) and (12), the right-hand side of (15) is greater than zero when δ < t < 1.
That means, ‖x(t)‖ is a strictly increasing function in δ < t < 1. We obtain
contradiction. Hence, f (rB) is starlike with respect to every point in εf (rB),
where r ∈ (0,1).
Finally, for any two points x ∈ B and y ∈ B , there exists r ∈ (0,1) such that
x ∈ rB and y ∈ rB . Thus
tf (x)+ (1− t)εf (y) ∈ f (rB)⊂ f (B)
when t ∈ [0,1]. That means, f (B) is starlike with respect to every point in εf (B).
Let y = 0 in (4), and by Theorem A, we know that f is biholomorphic in B .
Theorem 1 have been proved.
3. Criterion for ε starlikeness of mappings on the bounded convex circular
domains in Cn
Let Ω be a bounded convex circular domain in Cn and ρ(z) be the
Minkowski functional on Ω . Then Cn is a complex Banach space with norm
ρ(z), and Ω is the open unit ball in this complex Banach space. In this setting,
naturally, we expect a criterion for ε starlikeness formulated more concretely. But
unfortunately, it can not be obtained as an immediate corollary of Theorem 1,
since it is difficult to get the explicit expression of Tx in Theorem 1 unless Ω is a
very special domain. We have to find a new approach.
Corresponding to Lemma l, we have
Lemma 3. For every bounded convex circular domain Ω in Cn, there exists a
mapping ν(z) :Cn →Cn, satisfying the following conditions:
(i) ν(0)= 0;
(ii) for every point z ∈Cn, z = 0, ν(z) is the outward normal vector of the convex
domain
ρ(z)Ω = {w ∈Cn: ρ(w) < ρ(z)};
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(iii) Re{ν(z) ′w} ρ(w) holds for any z ∈Cn and w ∈Cn;
(iv) Re{ν(z) ′z} = ρ(z) holds for every z ∈Cn;
(v) ν(ζ z) ′ = (ζ¯ /|ζ |)ν(z) ′ holds for every z ∈Cn and ζ ∈C, ζ = 0.
Proof. We regard all points (except the origin) lying on a complex line through
origin as an equivalent class. We may classify Cn \ {0} by this equivalent relation.
We take an outward normal vector ν(z) at the boundary point z of the convex
domain ρ(z)Ω , such that it satisfies the relation Re{ν(z) ′z} = ρ(z). (it is possible
if we justify the length of ν(z)) and ν(0) = 0. If w and z are two points
in same class, i.e., w = ζ z, ζ ∈ C, ζ = 0, then we let ν(w) = (ζ/|ζ |)ν(z).
Hence Re{ν(w) ′w} = Re{(ζ¯ /|ζ |)ν(z) ′(ζ z)} = |ζ |ρ(z) = ρ(w). That means,
ν(w) satisfied (iv) again.
Since ρ(z)Ω is a circular domain, eiθ ν(z) is the outward normal vector at
the boundary point eiθ z of the convex domain ρ(eiθz)Ω (it is exactly ρ(z)Ω).
If ζ = |ζ |eiθ , then ν(ζ z) = (ζ/|ζ |)ν(z) is the outward normal vector at the
boundary point ζ z of the convex domain ρ(ζ z)Ω . Thus ν(w) is well defined
on all points which are equivalent to z, and hence ν(w) is well defined on every
point w ∈Cn \ {0}. Obviously, ν(z) satisfies the conditions (i), (ii), (iv) and (v).
Now, we will verify ν(z) satisfies (iii).
If points z,w ∈Cn, z = 0 and w = 0, then (ρ(z)/ρ(w))w ∈ ∂(ρ(z)Ω), and
Re
{
ν(z) ′
(
ρ(z)
ρ(w)
w
)}
is equal to the projection of (ρ(z)/ρ(w))w to the normal vector ν(z). It equals to
the distance from 0 to the plane through the point (ρ(z)/ρ(w))w with ν(z) as its
normal vector.
Since ρ(z)Ω is a convex domain, we have
Re
{
ν(z) ′
(
ρ(z)
ρ(w)
w
)}
 Re
{
ν(z) ′z
}
,
then (iii) follows from (iv). ✷
Moreover, if ρ(z) is differentiable everywhere in Cn except the origin, then we
may get the concrete form of ν(z).
Lemma 4. Let Ω be a bounded convex circular domain in Cn, and let ρ(z) be its
Minkowski functional. If ρ(z) is differentiable everywhere in Cn except the origin,
then
ν(z)= 2∇ρ(z) (16)
where ∇ρ(z) is the gradient of ρ.
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Proof. At the boundary point z of the convex domain ρ(z)Ω , the outward normal
direction is exactly ∇ρ(z), the gradient of ρ(z). We know that
∇ρ(z)=
(
∂ρ
∂x1
+ i ∂ρ
∂y1
, . . . ,
∂ρ
∂xn
+ i ∂ρ
∂yn
)′
= 2
(
∂ρ
∂z¯1
, . . . ,
∂ρ
∂z¯n
)′
,
where zj = xj + iyj , j = 1, . . . , n. We may find a unique positive number M ,
such that
ν(z)=M∇ρ(z).
Hence
M = Re{ν(z)
′z}
Re{∇ρ(z) ′z} . (17)
Since ρ(tz)= tρ(z) when t > 0, we have
ρ(z)= dρ(tz)
dt
∣∣∣∣
t=1
=
n∑
j=1
∂ρ(z)
∂zj
zj +
n∑
j=1
∂ρ(z)
∂z¯j
z¯j = 2 Re
{∇ρ(z) ′z}.
Combining this equality and Lemma 3(iv), and substituting these two results
into (17), we have (16). ✷
Cn is a complex Banach space if we take the Minkowski functional ρ(z) of Ω
as its norm. By Lemma 2, we have
Lemma 5. Let Ω be a bounded convex circular domain inCn. Let h :Ω×Ω →Ω
be a holomorphic mapping with h(0,0)= 0, then
ρ
(
h(z,w)
)
max
(
ρ(z), ρ(w)
) (18)
holds for every z ∈Ω and w ∈Ω .
Using Lemmas 3, 4 and 5, we may prove the following results.
Theorem 2. Let Ω be a bounded convex circular domain. Suppose that f :Ω →
Cn is a normalized locally biholomorphic mapping, then f is a ε starlike mapping
on Ω , 0 ε  1, if and only if
Re
{
ν(z) ′
[(
Jf (z)
)−1(
f (z)− εf (w))]} 0 (19)
holds for every z ∈Ω and w ∈Ω whenever ρ(w) ρ(z) < 1, where Jf (z) is the
Jacobian matrix of f at point z.
Moreover, if ρ(z) is differentiable in Cn except the origin, then we may
replace (19) by
Re
{
∂ρ
∂z
(z)
(
Jf (z)
)−1(
f (z)− εf (w))
}
 0 (20)
where ∂ρ
∂z
(z)= ( ∂ρ
∂z1
(z), . . . ,
∂ρ
∂zn
(z)).
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In the case ρ(z) is differentiable in Cn \ {0}, when ε = 0, i.e., the mapping is
starlike, it is the results of Chen [3], Lin and Hong [4] (cf. [6, p. 21]); when ε = 1,
i.e., the mapping is convex, it is the result of Liu [5] (cf. [6, p. 49]).
The proof of Theorem 2 is similar to the proof of Theorem 1, we omit the
details.
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